

















































































Solid modules over Ap and A Z

31 the exceptional pushforward

Plan

1 Motivation

2 Theorem statements

3 Proofs of Theorems fairly involved




















































































1 Motivation




















































































KeyMotivation Generalize coherentduality to non propermorphismsusing
solid modules Impactpoincaredualityfor

intopology
mostfamiliar schemes

f form
SerreDuality k field Nk smooth proper d dimensional

Wxrk Rdx dualizingsheaf
7 There is a natural trace map try HdX wa K A Sx

2 For all Ef Cohlx the pairing
H X E qExtf E Wa Hd x way

talk k

is perfect

Reformulation
Hd i X Em LE Wak Hank Hill E k

RHam E Wyk d RHam RT XE k




















































































Write f X spec k

RHam CE Wyk Ed RHankRICE K

Recall fromtopology For PoincaréDuality for noncompactmanifolds we needto
use compactly supported cohomology

Rfi m f exceptionalpushforward

This will exist on the level

of solid modules

Goal for rest of Scholze's Notes show that in a verygeneralsetting
f DCOx D D Ra exists and that without properness there is a
trace

trip f Wyld R

and dualityequivalence
RHom GEWxyzEd I RHompff E R




















































































Notation A AE a AG At instead of E A A

Solid Aa Modcond A

DCA D Solid AM




















































































Toward TheExceptional Pushforward f

Goal The affine absolute case Given a finitely gen discrete ring A
construct

haven't yet shown ADf D Ap D Kp is analytic

Recall A finitely gen ring
A K i A S H I S E A AS I S q A

I i A S lineALSi ALS liftALS i

Motivation for f to constructexceptionalpushforwardsfor nonpropermorphisms
f X Y try to factor

X Fens I compactification

Non obviousto show
f IF proper

independenceofchoices

f F FxJ




















































































For us A Z is the compactification

Proof later
Lemma Let A be a finitely gen ring Then Ap is analytic and the
morphism of preanalytic rings

Cana A Z ID AD

is a morphismof analytic rings
Consequence we have a leftadjoint no a priori

jk i CQI Ap D A 2 p D Ap Treasontobe a
rightadjoint

write j D Ap D A K for the right adjoint givenby
forgetting the A K module structure




















































































Why A Z ID is a compactification

KeyPoint Solid A Z is supposed to be an enlargement of the
categoryof quasicoherent sheaves on the adic spectrumSpack

Integralclosureof imCI A

WhySpa A E Spa A E is a universal and functorial compactification
ofSpec A However Spa A I is an adic space not just a scheme

DefiningSpa A I We want a factorization also called Spu A the

spec A FensSpa A Z Valuationspectrum

f
f Proper

Spec 7

in a universal way
Use the valuative criterion for properness to define the points
of the compactification Spa A I




















































































Not the mostgeneralversion but leastcomplicated
Valuative Criterion forProperness p X Y morphismof finitetypebetween
locally Noetherian Schemes Then p is proper if andonly if forevery valuation

ring V and commutative square
SpecFracV 3X
open f f p
specV Y

there exists a unique lift specv X making the diagramcommute

Point We should definepoints of our desired compactification spa A E
to be commutative squares

SpecFracV Spec A

specif Ign
these are not

actually extra data but
become relevant in the

relative setup
This set is quotiented out by the equivalence relation generatedby
the following relation given a surjection of spectra of valuation rings




















































































specW SpecV
i e faithfully flat map we say that the elementsdefinedby
the right hand square and outer rectangle in the diagram

SpecFracW SpecFrady Spec A

tspecif
x
specif

spec z

are equivalent

SpecFrady
Ipec

A
Spa Ait

spent
spec

Then onehas to put a topology onSpa A I as well as a sheaf of rings
One can then show that f Spec A Spec 7 factors as a

composite of maps of locally ringedspaces

similarly there is an adic spectrumSpa A A definedbyreplacing
A by Z




















































































Spa A A Spec V Spec A

There is a map

Spa A A
can't

SpacA I

Spectfraccu spec A

spear special stpeter
f

specie

Observation write

Spa A A trueSpa A A and Spa A IstriveSpacA I

for the equivalence classes with a representative where v is afield
i.e a rank o valuation ring Note that

1 The map can restricts to a bijection
can Spa A A try SpalA Itn




















































































2 The map

Spec A Spa A A
p i spec Ky Spec A

is injective with image Spa A A triv
3 There are retractions

r

Spa A A SpaCA A th ESpec A

SpecV SpecA SpecFracLV Spec A

and

SpalA I SpaCA E th ESpec A

SpecFrady Spec A SpecFrady Spec A

t tspecif
special

Special
special




















































































Theorem there is a fullyfaithful functor
schnoeth AdicSpaces

that sends SpecA to Spa A A Moreover there is an isomorphismof
locallyringedSpaces

SpecA Ospecca E Spa A A triv TxOspacaA

Upshot we get a factorization

SpecA SpaA A fits Spa A E
f

f Proper

Spa 2,7

i
spec 2




















































































2 Theorem Statements




















































































Theorem 1 Afinitelygenerated I algebra

an admits

a.isEItetadiointiII.gEEi
1.21 Projectionformula for ME D AZ

j j M I M O ji A
ARID

Def Let f Spec A spec I be a finitelygen I algebra Write

f i DLA D AR
forget DIED

Since j and the forgetful functor are left adjoints f admits a
right adjoint f Dea D Ap




















































































Theorem 2 f spec A Spec z finitely gen Z algebra Then

2.1 ft is a left adjoint
I Since DCA and Dap are compactlygenerated
2.2 f preserves compactobjects

23 Projectionformula for all MED ID NED AD

ti MEAD E N MÉf N
Theorem 3 f Spec A Spec z finitely gen Z algebra Then

3.1 f D ID DAp is givenby f M MEEAp Of f Z

3.2 f Z is a boundedcomplexof discrete A modules

3 3 f DKp D Ap preservesdiscreteobjects F 3.1 3.2

3 4 If f is a complete intersection then f Z eDCA is invertible




















































































3 Proofsof theorems




















Initial Reduction can reduce to A ZEE

7 Since A is fg We can choose a surjection

Zcta tn A

A simple basechange argument lets us reduce to A Ctr tn

2 An inductive argument lets us reduce to n n

Key Idea f A can be computed as functions near the boundary
ofSpec A

A ICE Aa 2kt D

We'll show j A KAE'D 243 L 17

f I I ZHILI



Goal Once we know that Ap is analytic we know

DCA C DModena A DCA Z

We then want to

1 Show that the forgetfulfunctor j D Ap D CA7 a is an inclusion

2 Provide an embedding D Ap D CA 2 a

3 Show that D A Z is the recollement of D Ap With D Aa

HI AA
DLAD DUA D a D Aa

RHam

In fact 2 and 3 will be used to show Ap is analytic



Step 2

Recall Let C o 1 be a symmetric monoidal o category A commutative

algebra R is C is idempotent if the multiplication R OR R is an

equivalence
In this case being an R module is a property the forgetful
functor Modplc C isfullyfaithful with image those Xe C
such that

y g 1
id Q unit

yap

is an equivalence

Point Want to show that Ao is idempotent in DCA 7 p

Observation 1 There is a short exact sequence

0 s 266DE ZCt
Ut 1 ZE uDE ZEt ZIE'D 0

Consequence 2 ZE uDE Rct compactprojective Aa is compact
in solid CA 7 D



Consequence3 using this presentation of An we see that

Mutt Hoyt a Aa

consequence 4
Moda D A 2 DUA 2 D

typa
Riom Aar

Lemma 5 Let C E D Modond A be such that each Ci is a direct
sum of products of copies of A Then

RHONA Aa Cx 70

Proof
Since D A Z C D Modena A is closed under limits 31 co limits

1 Bywriting Cx I

limy
can assume Cx is connective

truncation



2 Since An is compact bywriting Cx as a filtered co limit suffices
to treat the case Cx A

m reduces to C A

By Observation 1

RHom Ao A I RHomyLIKUD A
t t

RHomyLIKUD A

ACU A
t t ACU A

Ecu I I ICU 1
acyclic

Lemma 6 For any set I

Coker Aq IZ I A ED Aa

Need this fact Lemma 6 to see that Ap is analytic



Proof
Zet E Z ERE Coker O

f I
REE'Day Ift'D FREE'D

cotter

of
sequence off v Ift Dmodules

ERIE'D FIERCE'D
8 8



Proof that IEtsy is analytic
Let C ED Modand A be such that each Ci is a direct sum of
products of copies of A
Need to show For S extremallydisconnected

RHAM ALS Cx RHOMAApCS Cx

Since C E D A Z we know that

RHAM ALS Cx RHom CA Il Cs Cx

Since I S I R for some set I we have

A Z ST E A q I Z and A LS E IA
so we need to see that

RHom A E I 2 Cx RHama IA Cx

Equivalently that



tant É
a

T By Lemma 5
RHONA Aa Cx 0



Proof ofTheorem1

Lemm at
Ker j DCA2 o D Ap D Aa

Proof

me but jam is a module over

t.gggFEmma5
Ker jt is generatedby the Ao modules Lemma 6

Coker Aq IZ I A



Recollection on Recollements

Definition Let X be a stable o category and

ix Z X and j U X

stable subcategories We say X is the recollement of zu if
1 i Z X admits a left adjoint it X Z

2 j U X admits a left adjoint j X le

3 The composite Z Is X
J

U is zero

4 The functors it X Z and j X U are jointly conservative

Lemma in this situation

1 it admits a right adjoint it X Z defined by
init fib id unit

j j

z j admits a ÉfÉÉÉ'tadjoint ji u x defined by



j j fib id
unit

in it

3 j U X identifies U with the right orthogonalcomplement

Zt xe X tze Z Map i z x 0

4 j U X identifies U with the left orthogonalcomplement

Z xe X tze Z Map x z to

Picture Z X



Lemma Assume we are given adjunctions of stable o categories

zÉÉx u

The following are equivalent
1 X is the recollement of Z u

2 Z e Ker j X U



Back to theorem 1

Our Situation

D Aa DUA 2 o D Ap

RFA
and D Ap Ker j By the Lemma

There is an extreme fully faithful left adjoint j D Ap DUA7 is

computingusing the formula for ji we see that

j j M fib M OE
g

is ME o

I MOI fib A Aa

M É
LAKI

A aC 7



Projection Formula 7.2

j j M I M O j CA
ARID

Immediate from the definition of j



Proof of Theorem 2

Proof that f preserves compactobjects 2 2

The objectsMIAform a collection of compactgenerators for D Ap Computing

j IA j j A I 2

AE I 2 go AIA ED

I 2 GO AAA E I

Prop 6 3

I 2 E DE EE I CHASED

Now note that
Aa A ZEE'D It

is compact in D Zp



Proof of Projection Formula 2.3

We want to show that for all MED In and NED Ap

t MÉAD E N I MÉ fi N

For this it suffices to prove the more refined formula

x j MÉAD E N I MEf Ab É t n

Note that

1 After C 10 An both terms vanish

2 Afterapplying j both sides are the same

he recollementof DUA 2 o into D Ap and D Ha shows that k holds



Proof of theorem 3

Proof that f k is discrete invertible 3.21 3.4

f z I RHomyLf RCT R adjunction

RHomy LIKE'D KET C I Z

RHom LIKE'D It 2 I

I REM cofiberSequence for ZEE'D act

Proofofformulafor f 3 1

We want to show

f m MÉ D É this
Note that by adjunction

f M s MÉAp E f Z



M s

n
f MÉ AD E f x

Macounit

ME fi f z
L Projection formula

To see this is an equivalence note

7 Both Sides preserve co limits so we can reduce to the case where
M I 2 is a compact generator

2 Since f Commutes with products and both agree when M Z the claim
follows by noting that the RHS commutes with products
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